We construct the ten dimensional covariant Green-Schwarz superstring action in type IIA bosonic supergravity background from the eleven dimensional supermembrane action via the double dimensional reduction. The action is expressed in the component formalism and has an expansion up to quadratic order in terms of the anti-commuting coordinates. Various kinds of superstring interactions with the NS-NS and R-R background fields turn out to appear. As consistency checks, we show that the action is supersymmetric and also invariant under the kappa symmetry transformation. * hyun@kias.re.kr † hshin@kias.re.kr
Introduction
The importance of the Ramond-Ramond (R-R) fields in the superstring theory has increased since the discovery of D-branes (see [1] and references therein). Since D-branes are the nonperturbative objects and the sources of various R-R gauge potentials, the study of superstring dynamics with the R-R fields is essential to go beyond the perturbation theory.
For the study of such kind, basically, it is required to know the superstring action involving the couplings to the R-R fields. The couplings known to date are given at the linearized level. Usually, these lead to the Vertex operators, which are the main objects in the superstring S-matrix calculation and has been constructed recently with full generality in the context of eleven dimensional M theory [2, 3] . However, in general situations such as the static nonperturbative backgrounds, the linearzed couplings are not satisfactory. This fact leads us to consider the superstring action in nontrivial curved backgrounds seriously. Since the R-R coupling is subtle in the Ramond-Neveu-Schwarz (RNS) formulation [4, 5] , while it is local and supersymmetric in the Green-Schwarz (GS) formulation, we focus on the GS superstring action.
The construction of superstring action in curved backgrounds has been considered in the superfield formalism, mainly focusing on the local fermionic κ symmetry. The heterotic string in curved superspace has been constructed in Ref. [6] , the type IIB case in Ref. [7] , and the type IIA case in Ref. [8] . Though the actions are of quite elegant form, they are not quite helpful in practical usage, that is, for studying the string dynamics in nontrivial backgrounds.
What is required is to rewrite the actions in the component formalism. Each superfield in the action has the component expansion in term of the anticommuting coordinates θ, the odd part of the supercoordinates. Recently, for the backgrounds with nice coset structure along with large number of supersymmetries, the full component expansion of the type IIB superstring action has been reported [9, 10, 11, 12, 13, 14] . However, except for these special cases, the expansion is highly nontrivial.
Since the full expansion is a formidable task, we restrict ourselves to the minimal order where the superstring couplings to the R-R backgrounds first appear, which is the quadratic order in term of θ. We note that some partial results on the R-R couplings have been obtained in Ref. [15, 16] .
In this paper, we are concerned about the type IIA GS superstring action in the curved IIA supergravity backgrounds and give the component expansion of it up to θ 2 order. Recently, the authors of Ref. [17] have given the component expansion of the eleven dimensional supermembrane up to θ 2 order in the eleven dimensional supergravity backgrounds. The supermembrane is directly related to the type IIA superstring via the so called double dimensional reduction [8] . This makes the computation of the component expansion of the type IIA theory quite straightforward. This motivates us to consider the type IIA superstring rather than the type IIB superstring. Since there is T-duality between the type IIA and IIB theories, The expansion of the type IIB suprstring action can be directly obtained from that of the type IIA superstring action.
The organization of this paper is as follows. In the next section, we briefly review on how the Green-Schwarz type IIA superstring action is obtained from the supermembrane action in the superfield formalism. In Sec. 3, the component expansion of the ten dimensional superfields appearing in the superstring action is performed in terms of the anticommuting coordinates θ, which enables us to construct the superstring action up to θ 2 order in Sec. 4.
The resulting superstring action contains the various kinds of superstring interactions to the NS-NS and the R-R backgrounds. In Sec. 5, as consistency checks, we show that the superstring action constructed in Sec. 4 is supersymmetric and invariant under the local fermionic κ symmetry transformation up to the quadratic order in θ. The conclusion and discussions follow in Sec. 6. Finally, we give some useful spinor bilinears in the appendix.
Superstring in curved superspace
In this section, we briefly review the prescription of Ref. [8] as to how to obtain the ten dimensional Green-Schwarz type IIA superstring action from the eleven dimensional supermembrane action in the superfield formalism. The key procedure is the, so called, double dimensional reduction; one target space coordinate is identified with one of worldvolume spatial directions, and compactified on a circle.
The supermembrane action in eleven dimensions [18] is given by
where T 2 is the membrane tension, ζˆi (î = 0, 1, 2) are the membrane worldvolume coordinates,ĥˆiĵ is the worldvolume metric with signature (−++), and ηrŝ is the eleven dimensional flat target space-time metric with signature (− + · · · +). 1BĈBÂ is the target superspace third-rank tensor gauge superfield, andΠÂ i is the pullback of the super elfbeinÊÂ M onto the worldvolume, which is defined byΠÂ We now identify X1 1 with ζ 2 (which we specifically denote as ρ) and consider the circle compactification along it, that is, the double dimensional reduction. It is convenient to split ZM into the ten dimensional supercoordinates Z M and the eleventh coordinate
. Note that, though the eleven and the ten dimensional spinors have the same components when expressed in the same eleven dimensional gamma matrices, we distinguish the indices of those since the rescaling factor should be included between those spinors. This will be explained later in detail. The membrane worldvolume coordinates, ζˆi, also split into (σ i , ρ), where σ i (i = 0, 1) become the string worldsheet coordinates in ten dimensions.
The double dimensional reduction states that all the fields but X1 1 and ρ are independent of X1 1 and ρ, and the Kaluza-Klein ansätze for the reduction are then
2)
The Kaluza-Klein ansätze relating the super elfbein to the super zehnbein is given bŷ
Each of entries in Eq. (2.4) is composed entirely of superfields in ten dimensions and has the components in expansion up to 32th order in terms of anticommuting coordinates θ.
The superfields, E A M , Φ, C M , and χ a are the super zehnbein, the dilaton superfield, the Abelian gauge superfield, and the super dilatino, respectively, whose leading components in the θ expansion lead to the usual type IIA supergravity fields. As for the third-rank tensor superfield, the relevant part for the reduction isB1 1BA , which becomes the secondrank tensor gauge superfield B BA in ten dimensions and whose leading component with space-time indices for A and B leads us to the NS-NS second-rank tensor gauge field.
Plugging the above Kaluza-Klein ansätze Eq. (2.2), (2.3), and (2.4) into the supermembrane action Eq. (2.1), we obtain the dimensionally reduced membrane action, which is the desired ten dimensional Green-Schwarz type IIA superstring action embedded in target superspace:
where h ij is the string worldsheet metric, η rs is the ten dimensional flat target space-time metric, and we have defined ǫ ij ≡ ǫ ij2 with ǫ 01 = 1. The usual string tension, (2πα ′ ) −1 , is identified with T 2 R, where R is the radius of the compactified circle. In deriving the string action Eq. (2.5), the infinite membrane tension T 2 → ∞ and R → 0 limits are implicitly taken while keeping the string tension finite. Actually, this is in accord to the ansätze for the dimensional reduction, which leads to the result of discarding the massive Kaluza-Klein modes. The worldsheet pullback of the super zehnbein and the second-rank tensor gauge superfield are expressed as follows:
Component expansion of superfields
We have seen in the previous section that the Kaluza-Klein compactification relates the eleven dimensional superfields to those in ten dimensions. As alluded in that section, superfields have the component expansion in terms of the anticommuting coordinates θ. The expansion for the eleven dimensional case has been worked out up to quadratic order in θ;
Ref. [19] contains the expansion up to linear order and Ref. [17] up to θ 2 order. In this section, we are concerned about the ten dimensional superfields, which are relevant to the construction of the superstring action and, by making use of the results of Ref. [17] , give the component expansion of them up to θ 2 order through the dimensional reduction. It should be noted that we are considering the case with the vanishing fermionic supergravity fields and thus the component fields are composed only of the bosonic fields.
Bosonic supergravity fields
The component fields of the eleven dimensional superfields are given by the eleven dimensional on-shell supergravity fields. Therefore, in order to get the component expansion of the ten dimensional superfields from the eleven dimensional superfields, we should know the relationship between the eleven and the ten dimensional supergravity fields. Before delving into the superfields themselves, we are thus led to consider the reduction of eleven dimensional supergravity fields, whose bosonic contents are the elfbein,êr µ , and the third-rank antisymmetric gauge fieldÂμνρ.
The Kaluza-Klein ansätze for the dimensional reduction of the elfbein is given bŷ
where e r µ is the zehnbein, φ the dilaton field, and A µ the U(1) gauge field corresponding to the R-R one-form gauge potential. Actually, the ansätze Eq. (2.4) is the superspace extension of this bosonic one. The inverse ofêr µ is easily obtained aŝ
Since the fermionic supergravity fields are turned off in this paper, the torsion free condition is natural, and hence the spin connection can be expressed purely in terms of the elfbein or the zehnbein according to the dimension. In the torsion free case, the spin connection ω rs µ is of the following form
3)
The eleven dimensional spin connection 2ωrŝ µ in terms ofêr µ splits into four elements in the dimensional reduction asωrŝ
and each element is expressed in terms of the ten dimensional quantities:
where ω rs µ is the ten dimensional spin connection and F µν is the field strength of the gauge field A µ :
Throughout the paper, the indices within square brackets, [· · ·], are those totally antisymmetrized with unit strength.
We now turn to the eleven dimensional third-rank antisymmetric gauge field, which splits into asÂμνρ
Each element is identified with the ten dimensional gauge fields:
where A µνρ is the R-R 3-form gauge field and B µν is the NS-NS 2-form gauge field. The field strength ofÂμνρ is defined in the usual fashion and its splitting in the dimensional reduction is given byFμνρσ
where the two elements of the field strength are related to the R-R 4-form field strength and NS-NS 3-form field strength, respectively:
It is a well known fact that the 4-form field strength F µνρσ is not gauge invariant under the gauge transformation associated with the diffeomorphism along the eleventh direction X1 1 .
Since an object only with tangent space indices is not affected by the diffeomorphism, we can obtain the form of the gauge invariant field strength by working in the tangent space.
If we reconsider Eqs. (3.9) and (3.10) with tangent space indices, then 
(3.13)
Until now, we have considered the dimensional reduction of the eleven dimensional bosonic supergravity fields to ten dimensions, and obtained all the bosonic field contents of the ten dimensional type IIA supergravity, which contain the zehnbein e r µ , the dilaton φ, the NS-NS second-rand antisymmetric tensor B µν , the R-R one-form gauge field A µ , and the R-R three-form gauge field A µνρ . We are now in a position to proceed to the case of superfields.
Superfields
The component expansion of the eleven dimensional superfields up to quadratic order in θ has been given in Ref. [17] . Having the Kaluza-Klein ansätze for the ten dimensional superfields, Eqs. (2.4) and (2.7), and the results in the previous subsection, the component expansion of the ten dimensional superfields is a straightforward task. However, in doing that, there is an important and subtle point associated with the rescaling of the anticommuting coordinates by some power of the dilaton factor e φ .
First of all, consider the dimensional reduction of the Dirac gamma matrices. From the Clifford algebra of gamma matrices with flat indices, {Γr,Γŝ} = 2ηrŝ, it is obvious that the gamma matrices with flat indices in eleven dimensions come down to ten dimensions without any change. Ten of them constitute the gamma matrices in ten dimensions, Γ r , and the remaining one, Γ 11 , measures the chiralities of the ten dimensional spinors. Thus there is no need to use hat to distinguish the ten and the eleven dimensional gamma matrices.
On the other hand, there is a change in the case of curved indices. If we take an eleven dimensional gamma matrix with ten dimensional index,Γ µ , and express it in terms of ten dimensional quantities, then it is given bŷ
where we have used Eq. (3.2) and Γ µ = e µ r Γ r . It is this extra dilaton factor e φ/3 that leads us to consider the rescaling of the anticommuting coordinates. To see this, we turn to the supersymmetry transformation law of the ten dimensional bosonic piece X µ among the eleven dimensional supercoordinates:
If we plug Eq. (3.14) into this transformation law, the resulting form becomes non-standard in ten dimensions due to the extra dilaton factor. In order to have a canonical supersymmetry transformation rule in ten dimensions, we should now rescale θ and ǫ to absorb the dilaton factor. Furthermore, since the anticommuting coordinates also transform under the supersymmetry variation as δθ = ǫ, the anticommuting coordinates θ and the supersymmetry transformation parameter ǫ should receive the same rescaling: 16) in which ǫ and θ on the right-hand side are the proper variables in ten dimensions. In fact, the parameter κ of kappa transformation should also be rescaled by the same factor e −φ/6
in the process of dimensional reduction, because the κ transformation rule is essentially of the same form as that of the supersymmetry, Eq. (3.15) . In what follows, we will take into account Eq. (3.14) and the rescaling Eq. (3.16) in all of the ten dimensional expressions.
As we have seen in Sec. 2, there are two types of superfields in eleven dimensions; the super elfbeinÊÂ M and the third-rank tensor superfieldBÂBĈ. Firstly, we focus on the super elfbein and give the expansion of the super zehnbein and the dilaton superfield through the dimensional reduction. If we take the vanishing fermion background, that is, the vanishing eleven dimensional gravitino field, then the component expansion of the super elfbein up to θ 2 order obtained in Ref. [17] is expressed as follows.
17)
HereÊr µ andÊr α are of direct relevance to the later construction of our superstring action.
The last two are needed for the κ symmetry transformation and furthermore, as will be clear later, only the leading order terms in the component expansion, that is, the θ independent parts are relevant to us. The quantitiesΩμ in Eq. (3.17) contain all the informations on the background dependence of supermembrane at the θ 2 order and its structure is defined bŷ
4 For the conjugate of Majorana spinor, we use the conventionθ = θ T Γ 0 , while iθ T Γ 0 was used in [17] .
For the dimensional reduction, it is convenient to set the ten dimensional counterpart ofΩμ, which, as usual, split into (Ω µ ,Ω1 1 ). then we obtainΩ 25) where Ω µ = e r µ Ω r . Similarly,Ω1
From the definition ofΩμ, Eq. (3.21), we can obtain the precise expressions of Ω µ and Ω 11
as follows:
)
where the dimensional reduction of gamma matrices, Eq. (3.14), has been taken into account and
Since the vacuum expectation value of the dilaton factor e φ gives the string coupling constant in ten dimensions, any expression involving the fractional power of the dilaton factor is unpleasant and may cause problems in interpretation. In this sense, Ω µ and Ω 11 are the quantities designed to be well suited for the ten dimensional formulation and can be regarded as the ten dimensional counterpart ofΩμ.
The Kaluza-Klein ansätze, Eq. (2.4), contains the dilaton superfield Φ as an overall factor. It is, thus, natural to consider the expansion of it first. The element of the super elfbein containing only the dilaton superfield isÊ 11 11 , which is Φ 2/3 . From Eqs. (2.4) and (3.17) , the component expansion of the dilaton superfield is obtained as
where the rescaling, Eq. (3.16), has been performed and
The necessary elements of the super-zehnbein for the evaluation of the superstring action 
In order to investigate the κ symmetry of the superstring action, it is also necessary to do the component expansion for E 
Then the component expansion of E a µ and E a α turns out to be as follows:
We now turn to the other superfield in eleven dimensions, third-rank tensor superfield, and consider its dimensional reduction to ten dimensions. According to Eq. (2.7), the ten dimensional second-rank tensor superfield is deduced from the eleven dimensional thridrank tensor superfield of specific form,B1 1M N . The component expansion ofB1 1M N [17] with vanishing fermion backgrounds come from 
42) 
In the course of the expansion, there is a term − i 6 ∂ i φθΓ r θ which stems from the rescaling of the anticommuting coordinate, Eq. (3.16). However, it vanishes because of the identitȳ θΓ r θ = 0 for the Majorana spinor.
As for the Wess-Zumino term, Eqs. (3.41)-(3.43) leads to
where the quartic order term in θ on the right-hand side in the second line has been kept because it is the term appearing in the superstring action in flat superspace.
Plugging Eqs. (4.1) and (4.2) into Eq. (2.5), we now have the Green-Schwarz type IIA superstring action. In writing down the action, there is one more thing to be done, which is about the spinor. In ten dimensions, the minimal spinor is Majorana-Weyl, while the spinor θ is Majorana. By using the gamma matrix Γ 11 , we split θ into two Majorana-Weyl spinors with opposite chiralities, θ 1 and θ 2 . According to the usual convention in the literature, we assign positive chirality to θ 1 and negative chirality to θ 2 . Then, after using properties of the bilinears of Majorana-Weyl spinors listed in appendix, we finally get the Green-Schwarz type IIA superstring action S IIA in non-trivial bosonic supergravity backgrounds in component form up to the quadratic order in the anticommuting coordinates.
where S kin and S WZ are the kinetic and the Wess-Zumino (WZ) part, respectively, and their expressions are as follows:
where G µν is the target space-time metric, I, J = 1, 2 and and s IJ is defined as
and
There are several notable features in these actions. First of all, as expected, we have explicit e φ coupling in the terms linear in R-R fields, A µ and A µνρ , which has been first suggested by Tseytlin [15] . Furthermore, as fundamental strings are neutral under R-R fields, it is natural to couple with R-R fields, if any, via their field strength. In particular, considering these actions as describing the interactions of the fundamental string with the background supergravity fields, these couplings have a natural interpretation as a spin-orbit like coupling with background R-R fields and imply that the fundamental string has dipole interactions with R-R fields. Indeed the interactions with the Lorentz spin-connection give the genuine spin-orbit coupling between the string and the gravitational backgrounds and has been extensively studied with regard to the Matrix theory [20, 21, 22, 23, 24] . where subscripts B and F denote supersymmetry transformation of bosonic field X µ and fermionic field θ, respectively. In the next section, we will see this is indeed the case.
Symmetries
In this section, we check whether or not the superstring action S IIA , Eq. (4.3) is correct by investigating the symmetry properties of it. The superstring action written in terms of superfields, Eq. (2.5), is an action designed to have the local supersymmetry and the κ symmetry. Thus the action in component form should also have these symmetries, which, in the component formulation, are realized order by order in the anticommuting coordinates θ.
In the following two subsections, we will show that the action Eq. (4.3) is indeed invariant under these two symmetry transformations. We note that, for the simplicity of presentation, we will not split Majorana spinors (θ, ǫ, κ) into Majorana-Weyl spinors in this section.
Local supersymmetry
The super diffeomorphism is the local change of supercoordinates (δX µ , δθ α ). Since its parameter is a superfield, the change of supercoordinates has a component expansion in terms of θ:
Here there are no θ 2 order correction to δX µ and no correction of linear order in θ to δθ. This is simply because we are considering the vanishing fermion backgrounds; at these orders, only background fermion fields should appear for the contraction of the spinor index. µ and λ 1,2 , respectively. We note that the transformation rules of them are to be written in the string frame, since the object affected by the backgrounds is the string. Under the supersymmetry variation, the gravitino transforms as
where the Lorentz covariant derivative is given by
ω rs µ Γ rs . As for the dilatino field, the supersymmetry transformation rule is
These transformation rules are those with the vanishing fermion backgrounds. In the study of supergravity, the transformation rules are usually written in the Einstein frame [26] , which can be obtained from the above transformation rules by a suitable rescaling of fields and supersymmetry parameter. The resulting transformation rules are the same as above except for the absence of the term involving the derivative of dilaton in Eq. (5.2) and some change in powers of dilaton factor. We note that they have been the starting point for the study of supersymmetric vacuum solutions. 
where Λ r s is the local Lorentz transformation parameter associated with the super diffeomorphism and is precisely given by
Though it has a little bit complicated expression, Λ [17] . The dimensional reduction of it can be done with the following relation between the eleven and the ten dimensional fermions.
The dimensional reduction then results in
The supersymmetry transformations of fermion backgrounds on the right-hand side leads to three terms, which are precisely the same with those appearing in Eqs. (5.4) and (5.5) .
This concludes that the kinetic term of the superstring action has the correct component expansion and is consistent for the local supersymmetry.
We now turn to the supersymmetry variation of the WZ term, Eq. (4.5). After the same type of calculation with that for the kinetic term, it is given by
The relation is obtained from the dimensional reduction of the eleven dimensional supergravity action to the ten dimensional type IIA supergravity action [26] . The basic procedure is to make the kinetic terms for ψ µ and λ be canonical in the string frame Lagrangian. The dilaton factors in Eq. (5.6) are for the overall e −2φ factor. [17] . Through the dimensional reduction, it reduces to
Obviously, the variation of the right-hand side exactly matches with that of Eq. (5.8). This tells us that the WZ term of the superstring action as well as the kinetic term has the correct component expansion and is consistent for the local supersymmetry.
We have seen that each term of the superstring action transforms properly under the supersymmetry transformation and has the consistent and correct component expansion.
κ-symmetry
As an another consistency checkr, we now consider the invariance of the superstring action, Eq. (4.3), under the κ transformation. The investigation of the κ symmetry will give us the confirmation on the correctness of relative coefficient between the kinetic and the WZ parts.
For the κ symmetry, it is convenient to work with the superstring action with NambuGoto type rather than the Polyakov type action, Eq. (2.5), which avoids the complexity due to the variation of the worldsheet metric h ij . The Nambu-Goto type action is obtained by solving the classical equation of motion for h ij giving the induced metric and putting it back into the action Eq. (2.5) and is as follows:
where g is the determinant of the induced metric g ij given by
We begin with the κ symmetry transformation in the case of the eleven dimensional supermembrane, which, in the superspace, is given by 12) where κâ(ζ) is the local fermionic parameter and the matrixΓ is defined bŷ 
where we have defined
In deriving these rules, we have performed the rescaling, κ → e −φ/6 κ, corresponding to Eq. (3.16). The leading order terms on the right-hand side are of canonical form, which
show that the component expansion of the super fields is consistent. The matrix Γ is the dimensional reduction ofΓ, Eq. (5.13), and is given by 16) where Γ i are the pullback onto the worldvolume of the space-time Dirac gamma matrices:
Γ has the properties as projection operator and commutes with the pulled back gamma matrices Γ i :
Under the κ transformations, Eq. (5.14), the pullback of the super zehnbein transforms as 
Discussion
In this paper we constructed the Green-Schwarz type IIA superstring action on the general bosonic type IIA supergravity background. The action has the local target space-time supersymmetry and the worldvolume κ symmetry. From it we can readily obtain the covariant form of R-R vertex operator which can be used to consider the scattering process involving R-R fields.
One of main theme in the recent developments of M/string theory is the duality between world-volume theory of branes, which is typically given by Yang-Mills theory of various type, and M/string theory on supergravity background geometry produced by those branes.
In this regards, the action constructed in this paper is particularly suitable for the study of the worldvolume theory of branes. In many cases this duality tells merely which one is the appropriate description in each regime of the parameters of the theory. However if the system has enough supersymmetries, some physical quantities can be protected under the extrapolation of parameters and thus the duality can be used to probe one theory using its dual theory. In [27] , the effective supercharges of (0+1)-dimensional super YangMills quantum mechanics with sixteen supersymmetries have been obtained by studying the supersymmetry of eleven dimensional supergraviton in lifted D0-branes background. In the forthcoming paper [28] , we will get the effective supercharges of (1+1)-dimensional super Yang-Mills theory using the action constructed in this paper.
In ten dimensions, the minimal spinor is Majorana-Weyl spinor rather than Majorana spinor. By using the chiral projection operators which are
we can split a Majorana spinor in ten dimensions into two Majorana-Weyl spinors with opposite chiralities as
where a property of P ± , P + + P − = 1, has been used and the subscript + (−) attached to θ denotes the chirality; positive (negative) chirality. Another property of the projection operators is P ± Γ r = Γ r P ∓ . Using this, we can show that Here it is not necessary to consider the odd n since each of the bilinears vanishes automatically due to Eq. (A.9).
